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An asymptotic formula is obtained for the number of rooted c-nets with m 
vertices and n edges as m. n + a~ with 4 + E < n/m ( 2 - E for some E > 0. 
1, INTRODUCTION 
For an interesting history of the study of convex polyhedra, see Frederic0 
[S]. By a well-known theorem of Steinitz [6], a convex polyhedron is 
combinatorially equivalent to a 3-connected planar map. The enumeration of 
3-connected planar maps is still an unsolved problem, however, rooted 3- 
connected planar maps have been enumerated by Mullin and Schellenberg 
[8]. A map is rooted when an edge is selected as root edge, a direction is 
assigned to the root edge and left-right is chosen with respect to the directed 
root edge. If a map has m edges there are at most 4m ways to root it. Hence 
the number of unrooted maps is bounded above by the number of rooted 
maps and below by this number divided by 4m. Thus an asymptotic estimate 
for the number of rooted maps gives fairly good bounds for the number of 
unrooted maps. The main purpose of this note is to provide asymptotic 
estimates for the number of 3-connected rooted planar maps counted 
according to vertices and faces and also according to vertices and edges (see 
Theorems 1 and 3). Very recently Bender and Wormald [4] have used the 
results of this note to show that the proportion of 3connected planar maps 
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with a symmetry tends to zero exponentially with the number of edges. Thus 
the asymptotic formulas for rooted 3-connected planar maps in this note 
when divided by four times the number of edges give asymptotic formulas 
for 3-connected planar maps or, equivalently, for convex polyhedra. Mullin 
and Schellenberg [S] obtained a generating function for qmn, the number of 
3-connected rooted planar maps (rooted c-nets) with m + 1 vertices and 
n + 1 faces: 
g z, qmnxmyn =xy((l +x)-l + (1 + JJ-’ - 1)-F@, Y)? (1.1) 
where 
F(x,y)=rs(r+s+ 1)-3, 
r=x(s + l)Z, 




Using Lagrange inversion they obtained the formula 
Unfortunately, cancellation makes (1.3) impractical for asymptotic 
estimation. Using (1.2) we prove 
THEOREM 1. Let q,, be the number of 3-connected rooted planar maps 
with m + 1 vertices and n + 1 faces. Suppose E > 0. Then 
uniforml-v as m, n + co provided $ + E < ,u < 2 - E, where p = n/m. 
THEOREM 2. The maximum value of q,,,,, occurs for n = m(3 + \/;j)/4 + 





mn w  4nm 3 9 
) (F(17+7\/i))mepx’i2. (1.5) 
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THEOREM 3. Let pmk be the number of 3-connected rooted planar maps 
with m + 1 vertices and k edges. Suppose E > 0. Then 
1 (2 - 3L)(3/I - 1) 5’2 
Pmk - &(A _ A2)3/2 9L(l -IL) 
X 
/I(2 - 31)3 A 4(1 - A)(31 - 1) k 
(1 - /I)(3A - 1)” (2 - 31)2 I 
(1.6) 
uniformly as k, m + co provided i + e ( A ( 1 - E, where ;1= m/k. 
THEOREM 4. The maximum value of pmk occurs for m = (k/2) + o(k”2). 




mk-48671k3e . (1.7) 
Theorems 3 and 4 extend a result of Tutte [lo], giving an asymptotic 
estimate for the number of rooted 3connected planar maps with k edges. 
Richmond and Wormald [9] showed that the number of k-edged c-nets 
with a nontrivial automorphism is O(exp((2 log 2 - 0.003)k)). Since an 
unsymmetrical map can be rooted in 4k ways, it follows that the number of 
convex polyhedra with m + 1 vertices and k edges is asymptotic to pmk/4k 
when m = (k/2) + O(k1’2). 
Theorems 1 and 2 will be proved together. Theorems 3 and 4 are then 
deduced. Our proof has three main steps: 
(A) Working with the parametric equations for F(x. y), we deduce 
where the important singularities occur. 
(B) Applying a local limit theorem we estimate q,, y”/Cq,iJJ’ when 
y is a bounded positive real number. 
(C) We estimate C qmiyi. 
2. SINGULARITIES OF F(x, y) 
By (1.2) it is clear that either 
r+s+l=O (2.1) 
or r (or s) has a branch point at singularities of F. For the latter we can find 
a polynomial in x and y of which r (or s) is a zero and set its derivative to 
zero [ 71. Substituting (1.2~) into (1.2b) and differentiating with respect to r 
we find 
1 = 4xy(r + l)(s + 1). 
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By symmetry, the singularities of s are given by the same equation. Using 
(1.2) we obtain the following equivalent forms 
l+r+s-3rs=O (2.3a) 
y(r+ 1)(3r- I)= 1 (2.3b) 
x(s+ 1)(3s- 1)= 1. (2.3~) 
We now prove 
LEMMA 1. Let b > 0 be given and let x@) denote a singularity of F(x, /?) 
with least absolute value. Then x(b) is unique and a positive real number. 
Furthermore IpI = b and Ix@)1 <x(b) implies /I = 6. In other words Ix@?)1 
has a unique minimum on IpI = 6. At x(b), F has a branch point. 
Proof. Since qmn > 0, it follows that F(x, b) has a singularity with x > 0. 
Call the smallest x(b). Since q,, > 0, Ix@?)/ > x(b) whenever IpI = b. It 
remains to show that Ix@)/ =x(b) implies /? = b and x(b) is unique. 
Using (2.3b), (2.3c), and then (2.3a), 
rs(9rs + 6r + 6s + 4) 9r + 9s + 7 
‘x’l)(y+l)= (rs+r+s+l)(9rs-3r-3s+l)= 16 ’ 
Thus 
16(x+ l)(y+ 1)+2=9(r+s+ 1)=27rs. (2.4) 
Squaring (2.2) and using (1.2): 1 = 16xyrs. Combining this with (2.4) we get 
16xy(l6(x+ l)(y+ 1)+2)=27. (2.5) 
Since the left side of (2.5) haspositive coefficients, the lemma follows for 
singularities given by (2.2). 
We turn to (2.1), which gives s + 1 = -r. By (1.2b), r = -I/x. Likewise, 
s=-l/y.Bythisand(2.l),x=~/~-l).As~~O,x-r0;butforthesheet 
on which F(x, /I) lies, /xl-+ co as /3 + 0 since F(x, y) is a convergent power 
series. Thus (2.1) lies on the wrong sheet and so is irrelevant. This completes 
the proof of the lemma. 
3. THE LOCAL LIMIT THEOREM 
We apply Theorem 3 of [2] to -F(x, y), using the extension to fractional 
m provided by Corollary 2 of [3]. Note that the asymptotic behaviour of the 
coefficients of a function equal to the sum of a function of the type described 
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in Corollary 2 plus a function of lower algebraic weight is the result given by 
Corollary 2 of [3], We have 
smnY”lc 4miYi - (3.1) 
by the above and Lemma 1, where 
dlogx 
n/m=------= Y dx --- 
dlog y x dy’ 
d2 log x 
u2=- (dlog y)“’ 
(3.2) 
and the derivatives are evaluated on (2.2). Using prime to denote derivative 
with respect to y, we have from (1.2b), (1.2c), and (2.3a) 
r’ = x’(s + 1)’ + 2x@ + l)s’, 
s’ = (r + I)2 + 2y(r + l)?-‘, 
(3s - 1)r’ + (3r - 1)s’ = 0, 
which are readily solved yielding 
r’ = -(r + l)2(3r - 1)/D, (3.3a) 
s’ = (r + q2(3s - 1)/Q (3.3b) 
D=(3s- 1)+2y(r+ 1)(3r- 1)=3s+ 1 by (2.3b), (3.3~) 
(r+ q2(3r+ 1) 
-y’ = (s + 1)2(3s + 1) 
by (2.3~). (3.3d) 
We define ,D by 
dlogx s(3r + 1) -= 
’ = - d log y r(3s + 1) 
by (3.3d), (1.2b), and (1.2~). 
Using (2.3a) we obtain 
r+l 2s -=-. 
l”= 2r s+l 
From this, (3.2b), (3.3a), (2.3b), and (3.4) give 
P 
a2 = -YP’ = r(3s + 1) . 
(3.4) 
(3.5) 
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Solving (3.4) for r and s and using (1.2) we obtain the following 








4(2/i 1)’ y&) 
w - 1Y = 
- 4~(2 - 4 * 
Thus (3.1) becomes 
(3.6) 
4 mn - \/cu + l)/nmCr(2LJ - I)(2 -P) (+$yg) n T ~,iYWi, (3.7) 
where p = n/m and m,n go to infinity in such a way that y(u) stays away 
from 0 and co; i.e., ,B stays away from + and 2. 
4. THE ESTIMATION OF C qmi y’ 
We use Darboux’s theorem [ 1, Theorem 41. To do this we set y = Y(U) and 
study F(x, y) as x -+X(U). Let rX = &/ax. From (1.2b) and (1.2c), 
r = (8 + w+ 1) 2sr 
x fj =x. l+r+s-3rs’ X rs 1 
From (1.2a) and (4. I), 
s(s + 1)’ 
‘Xc (1 + r + s)4 ’ 
F =- 2s(st 1)5(1 trts-2rs) 
xx (1 tr+s)5(1 trts-3rs)’ 
We also have 
lim (1 trts-3rs)* =-a(l+r+a;-3rs)' 
x+x(rr) a>-x 
ad!4 + 1) 
= (2 -p)4(2p - 1) 
(4.2) 
by (4.1) and (3.6). Combining (4.2) and (4.3) and using (3.6), we see that 
near x@), F,., behaves like 
26(2/d - 1)4 
* 35,u3(2 -p)* 
-dV (x01>-x>-I”. 
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Integrating twice and rearranging, we see that near x@), F behaves like 
*2 (F - 1x2 -PI Q -4xw”” 
( 9P ) &aFn 
plus a linear function. By Darboux’s theorem 
Z SniVol)’ y +2 ((2p - z’ -‘) ) 3 r(- i,y& . (4.4) 
2 
5. PROOF OF THE THEOREMS 
Theorem 1 follows from (3.7) and (4.4). An examination of the proof of 
Theorem 3 of [3] shows that the maximum of qmn occurs at that P for which 
J@) = 1 and that the variation near the mean is given by a normal curve. 
Theorm 2 follows. From Euler’s formula, V-E + F = 2, we see that 
m - k + n = 0 and so n = k - m. Hence p = 1 - l/n. Theorem 3 now follows 
from Theorem 1. It could have been derived from the generating function as 
Theorem 2 was, thus Theorem 4 follows from Theorem 3 with I = 1. Let pt 
denote the maximum of pmk. To determine 0, we suppose ,? = $ + E, where 
E = O(kpl’*). Then 
P mk (1 + 2s)(l - 6~)~ (“2)+E (1 - 2s)(l + 6s) k 
-- PIT K (1 - 2s)(l + 6~)~ (1 - 6~)~ 1 
- exp 2s-q+ -6s-- 
( 
?+j--&~) 
- (6s-F)3/ (++c) k 
36~~ 
-2~--$+6~-~- -6s -F) 2j k] 
= exp[(-32s)(f + c)k + (168 - 16s2)k] 
= exp(-48s2k). 
This proves Theorem 4. 
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